The antiplane problem of the composite wedge consisting of two homogeneous external wedge-shaped areas and an intermediate zone of the interphase is studied. The interphase material is assumed functionally graded. It is shown that the problem in each area is harmonic within the quadratic law of inhomogeneity of the material in the transverse direction. The influence of the interphase on the stress state at the top of the wedge is analyzed. As compared to the ideal contact of external materials, the presence of the interphase leads both to decrease and increase in the singularity exponent. Moreover, the stress asymptotic may have two singular terms for some values of the composite parameters.
Introduction
Stress state problems in the singular points of elastic bodies have been drawing the attention of researchers starting with the classical Williams study of 1952 [1] . These points may be angular, as well as positions where a change of boundary conditions or a discontinuity of elastic moduli in material occurs. The review in Ref. [2] offers an exhaustive bibliography on singular solutions of the problems of linear elastic fracture mechanics.
As opposed to a homogeneous medium where stresses exhibit a r −λ singularity in the crack tip (λ = 1/2, r is the distance from a crack tip), the order of stress singularities in an inhomogeneous medium E-mail address: victikh@mail.ru. may differ. For example, the stress singularity of a mode I or II interfacial crack with a perfect contact between the phases and the constant elastic moduli may exhibit an oscillating behavior. At the same time, the order of the singularity for an interfacial antiplane crack remains classical. However, if the contact between the materials is imperfect, the singularity will differ from the classical one, and it may be both strong (1/2 < λ < 1) and weak (0 < λ < 1/2) [3] . Moreover, for some models of imperfect contact, the asymptotic of the stresses will have two singular terms.
Strong and weak singularities existing for a crack in a two-or a three-phase medium under the conditions of the antiplane problem also follows from the results of Refs. [4, 5] The analysis of stress fields near the vertex of a composite wedge with piecewise-constant elastic prop-erties and perfect phase contact was discussed in many studies, e.g., [4] [5] [6] [7] [8] [9] .
For some time, based on the conclusions in [10] , the consensus regarding the functionally graded materials (FGM) whose elastic moduli vary continuously was that singularity exponent in the crack tip would always be the same as that in a homogeneous medium. However, in 2005, Carpinteri and Paggi showed [11] that for a crack growing in a gradient material with Young's modulus varying in the transverse direction the singularity exponent would differ from the classical value λ = 1/2. The exponential elastic modulus function of the polar angle was used to ensure the separation of variables in the differential equation.
A similar law of the shear module variation in the antiplane problem for a system of perfectly bonded wedges was used to construct singular solutions in Ref. [12] . Additionally, this article suggested an approximate method for determining the order of singularity in wedge-like areas, based on a piecewiseconstant approximation of the shear module of FGM. However, the roots of the characteristic equation were not analyzed in Refs. [11, 12] .
The present work studies the stress state in the vertex of a composite wedge consisting of two homogeneous materials under the conditions of an antiplane problem. Instead of the traditional straight interface we examine a wedge-like FGM-filled area. We modeled the interface in this manner coming from the physical assumption that there is a diffusion of materials during their process connection [11, 13, 14] . This leads to the elastic modulus varying continuously; in contrast with Refs. [11, 12] the modulus was assumed to depend quadratically on the polar angle in the transition area. This functional relationship for the shear module allows to obtain a characteristic equation of the problem in an explicit form and to analyze the equation roots causing the singularities depending on the composition parameters.
Problem statement
We are going to analyze the stress state of a composite wedge consisting of three wedge-shaped areas k (k = 1, 2, 3). The materials of two areas ( Fig. 1 ):
(r and θ are the polar coordinates) are considered homogeneous and isotropic with shear moduli μ 1 and μ 2 , respectively. The geometrical parameters defining the boundaries of these areas must satisfy the following inequalities:
The third (intermediate) area
consists of an FGM that is modeled by an inhomogeneous material without accounting for its microstructure. The shear modulus of the functionally graded interphase μ 3 is assumed to depend only on the polar angle. The functional dependence μ 3 (θ ) is such that the elastic modulus of the composite is continuous on the θ = ±β boundaries, while its derivatives with respect to the angle θ have discontinuities on these boundaries.
The composite wedge is in equilibrium under antiplane deformation when subjected to selfequilibrating concentrated forces of magnitude Т 0 applied to the wedge sides at a distance r 0 from its vertex (see Fig. 1 ). The contact of materials at the interface is assumed to be perfect.
From a mathematical standpoint, the problem is reduced to solving harmonic equations of equilibrium in each of the areas k (k = 1, 2):
The shear stresses are found from the displacements w k using the formulae
In the area of the intermediate FGM with a shear modulus varying in the transverse direction the equilibrium equation takes the form
Let us examine a special type of a functional relationship between the interphase shear modulus and the polar angle:
A similar type of material inhomogeneity was discussed in Ref. [14] in a Cartesian coordinate system.
Then, searching for displacements in the area 3 in the form
we shall obtain from Eq. (3) that the function w 3 (r, θ ) also satisfies Eq. (1), i.e. is harmonic. Using the formulae (3), we arrive at the following expressions for the stresses:
The constants a and b included in the expression (4) are found from the continuity conditions of the shear modulus at the interfaces θ = ±β and have the form
For these constants the shear modulus μ 3 (θ ) is a monotonic function for which the following formula holds on the interphase symmetry axis:
The solutions of Eqs. (1) and (3) must satisfy the boundary conditions for the perfect interphase contact:
and the boundary conditions at the wedge sides:
where δ(r) is the Dirac delta function.
The solution in Mellin transforms
Subjecting Eqs. (1) to an integral Mellin transform, for the displacement transforms
we obtain the equations
The general solutions of these equations have the form
Let us subject the functions (9) to the Mellintransformed boundary conditions (7) and (8); then, using the formulae (2), (4)-(6) we will arrive at a system of six linear algebraic equations for the quantities A k and B k (k = 1, 2, 3). After performing an inverse transform
where L is the integration path, we obtain the displacement field in each area of the composite. This procedure leads to the following expressions for the stresses in areas k :
where S k (p, α 1 , α 2 , β, μ, θ ) are non-singular functions, while
The elastic properties of the structure are expressed in these formulae as a constant μ = √ μ 1 /μ 2 that is the relative rigidity of the composite. Let us called the composite 'soft', if the parameter 0 < μ < 1, and 'hard', if 1 < μ < ∞. The value μ = 1 corresponds to a homogeneous wedge.
To calculate the stresses in the composite medium for r < r 0 , let us close the integration contour L from the left by a large-radius semicircle and use the Cauchy theorem on the residues at the poles of the integrand (10) . These poles are determined by the roots of the characteristic equation
Analysis of the characteristic equation
The function (11) is an odd one of the parameter p with no zeros on the imaginary axis apart from the triple zero p = 0. It is, however, easy to demonstrate that this point is removable. Therefore, the integration contour L in (10) can be matched with the imaginary axis. The function (11) has no complex zeros lying in the strip |Rep| < 1.
Since the function (11) is odd, each root of Eq. (12) p − < 0 corresponds to a root p + > 0, with p − = −p + . Because only roots whose values does not exceed 1 are of interest when analyzing stress singularities (10) in the wedge vertex, let us, for convenience, examine only the real roots of the characteristic equation located in the interval (0, 1). Then it follows from (10) that for r → 0 the stresses will have a power-law singularity of the form r −λ , where the singularity exponent λ = 1 − p + .
Let us note that Eq. (12) retains its form with α 2 in place of α 1 and with α 1 in place of α 2 , and with 1/μ in place of μ. With this in mind, we can examine the roots of the characteristic equation, for example, only for angles α 1 ≥ α 2 . The roots for α 1 < α 2 can be obtained from the ones found for α 1 > α 2 by the above-noted parameter substitutions.
For the case of a geometrically symmetric structure when α 1 = α 2 = α, Eq. (12) is reduced and takes the form
It is possible to represent the characteristic function (11) in two more forms convenient for examining its zeros for μ > 1 and μ < 1:
where
Let us analyze some limiting cases.
The case of a homogeneous wedge
For μ → 1 the function (11) takes the form
Hence, p 1+ = π/(α 1 + α 2 ), as it should be in this case. Therefore, if the vertex angle of a homogeneous wedge is no greater than π , then no singularities occur in its vertex. If, however, π < α 1 + α 2 ≤ 2π , then the stresses exhibit a power-law singularity in the form r −λ , where λ = 1 − p 1+ . In particular, for a crack in a homogeneous medium, when α 1 + α 2 = 2π , we obtain a classical result: λ = 0.5.
The case of the perfect contact of homogeneous materials
For β → 0 the asymptotic form of the function (11) is expressed as
From here it follows that the singularity exponent λ of a two-phase composition with a perfect interphase contact is determined by the first zeroes of the function 0 (p). This function was used in Refs. [15, 16] . Unlike a homogeneous wedge, a two-phase wedge may, firstly, have a singularity in the vertex for the vertex angles π/2 < α 1 + α 2 ≤ π, and, secondly, for π < α 1 + α 2 ≤ 2π the singularity may be not only strong but weak as well, and be generated by the two first zeroes of the function (15) .
The case of a high relative rigidity of materials
For μ → ∞ the characteristic equation, according to (13) , can be expressed in the following manner:
Therefore, in this limiting case the eigenvalues of the problem fall into two sets and are determined by the roots of the equations
Depending on the geometrical parameters of the composite, Eqs. (16) and (17) may have one or two roots in the interval (0, 1), or have no roots at all.
The case of a low relative rigidity of materials
For μ → 0, similarly to the previous limiting case, using the representation (14) we obtain that the zeroes of the characteristic function fall into two sets and are determined by the roots of the equations of the form (16) and (17) with α 2 in place of α 1 , and with α 1 in place of α 2 .
Moving on to the general situation, basing upon Eq. (11) and the obvious inequalities for the 'coefficients' C j (j = 1−4) for any p ∈ (0, 1) and β ∈ (0, π ) that have the form C 1 < 0, C 2 > 0 (for β < π/2),
it is possible to prove some common properties of the distribution of the roots of the examined equation:
for the vertex angles of the wedge α 1 + α 2 ≤ π/2 for any 0 ≤ β ≤ α 2 and 0 < μ < ∞ the characteristic equation has no roots in the interval (0,1); for the angles π/2 < α 1 + α 2 ≤ π and any acceptable values of the parameters β and μ, Eq. (12) has no roots in the (0, 1/2) interval, i.e. only a weak singularity may occur in the vertex of the wedge for these vertex angles;
for the values μ > 1 and anyα 1 ≥ α 2 ≥ β ≥ 0, Eq. (12) has no roots in the (0, 1/2) interval (a similar result is, naturally, also obtained for 0 < μ < 1, when α 1 ≤ α 2 ). In other words, the stress field of a 'hard' composite wedge with any combination of geometric parameters may exhibit only a weak singularity.
We shall carry out further analysis of the roots of the characteristic equation taking into account the values of the vertex angle of the composite. Since we cannot afford to discuss all the details in this study, let us formulate the key results of the conducted analysis.
If the vertex angle of the wedge satisfies the inequality
then Eq. (12) will reliably have a single root 1/2 < p < 1 only for the case of a soft composite when the additional conditions
is a monotonically increasing function of the angle β; for case of the crack it is equal to zero. It follows from here that compared to the case of perfect interphase contact, when β = 0, the existence of an interphase leads to a reduced possibility for stress singularities to arise in the vertex of the wedge. The reason for this is, firstly, that the first of the inequalities (18) is violated at large angles β, and, secondly, that the variation interval of relative hardness μ narrows with an increase of the vertex angle of the intermediate area. Moreover, according to numerical calculation, the presence of the interphase reduces the singularity exponent compared to the situation when it is lacking.
With the angles satisfying the inequalities
for the 'hard' structure, the solution of the secular equation may include the following cases:
(1) No roots in the interval (0, 1);
(2) One root in the interval (1/2, 1):
(3) Two roots in the interval (1/2, 1).
It follows from here that one of the characteristic features of a composite wedge compared to a homogeneous wedge is the lack of stress singularities in its vertex for the angles exceeding 180°(case 1). The second feature is the presence of two singular terms in the stress asymptotic for r → 0 (case 3). This happens, for example, when α * ≤ α 1 ≤ 3π/2 (α * ≈ 1.075π ), α 2 − β > π/2, and μ > (1 − |M|) −1 if |M| < 1.
A weak singularity caused by a single root in the interval in question will occur, for example, when a crack terminating at a gradient half-plane.
For the case of a soft composite (0 < μ < 1), the number of roots of Eq. (12) and the intervals where they exist depend on the structural parameters, and the following situations are possible: 1. One root in the interval (0, 1/2); 2. One root in the interval (1/2, 1); 3. Two roots 0 < p 1+ < 1/2 < p 2+ < 1 causing a strong and a weak singularity; 4. Two roots 1/2 < p 1+ < p 2+ < 1 causing two weak singularities.
If there is no intermediate FGM, then the characteristic equation in the variation range of the angles α 1 and α 2 has only one root (situation 1 or 2). We should note that for a crack, only situation 1 with a strong singularity takes place. Thus, the effect from the presence of the interphase is that it is possible for a 'soft' structure of a stress to have two singular terms. However, the calculations show that the quantity
i.e., the singularity introduced by the second term, is very weak. Finally, let us deal with the case when the following system of inequalities is valid:
For the angles α 1 and α 2 satisfying these inequalities, for μ > 1 the stress field in the wedge vertex will have only a weak singularity, as is the case of the perfect contact between the materials (β = 0).
If, however, 0 < μ < 1, then the number of the roots of Eq. (12), the domains where they exist, and their singularity behavior depend on the angular parameters of the structure; here one of the three cases may possibly take place:
(i) One root 0 < p 1+ < 1/2 causing a strong singularity; (ii) One root 1/2 < p 1+ < 1 causing a weak singularity; (iii) Two roots 0 < p 1+ < 1/2 < p 2+ < 1 causing both a strong and a weak singularity.
For example, for a crack with any acceptable values of the angle β only case (i) or case (iii) take place. If the crack lies so that 3π/2 < α 1 − β < 2π, then for any 0 < μ < 1 the characteristic equation has two roots, i.e. case (iii) takes place. The second root is close to unity and, therefore, its corresponding singularity will be very weak.
Numerical examples
To illustrate the conducted analysis, Fig. 2 shows the dependences of the singularity exponent on the parameter μ in the tip of a semi-infinite crack lying in a hard and a soft composite media with a given value of the angle α 1 = 4π/3. In case of a hard composite ( Fig. 2a) , the singularity is weak (λ < 1/2) and decreases with an increase of the relative hardness μ. For sufficiently narrow areas filled with the graded material the singularity exponent decreases compared to the two-component medium where β = 0 at any μ > 1 (curve 2 corresponding to β = π/6). A similar singularity weakening caused by the presence of FGM with a shear modulus varying exponentially in the transverse direction was noted in Ref. [12] . However, with an increase of the interphase vertex angle, an inverse effect can be observed to occur first for a relatively small difference between the elastic moduli of the materials, and then for any μ > 1. Ultimately, the singularity exponent takes maximum values for a crack lying at the interface between a homogeneous and a gradient medium, i.e. for β = 2π/3 (curve 5 in Fig. 2а ).
We can demonstrate that for the case of a crack lying in a hard composite medium and the angles satisfying the inequality 0 < α 1 − α 2 < π, the two singular terms in the stress asymptote appear, if β < π/2 and α 2 − β ≥ π/2. This is why Fig. 2а also shows the relationship between μ and the singularity exponent corresponding to the second root of the secular Eq. (12) at β = π/6 (curve 2 ).
For 0 < μ < 1 at all possible vertex angles of the interfacial zone, a decreasing effect of the singularity exponent is observed (Fig. 2b) . The singularity will be the strongest in the two-component medium with a perfect interphase contact (β = 0). It weakens as the angle β increases, which is particularly prominent for small values of relative hardness, while for β > π/2 the second singularity exponent arises. That exponent is shown in Fig. 2b for β = 2π/3 (curve 5 ).
The second example is a generalization of the problem studied in Refs. [5, 12] , concerning the interaction Fig. 2 . Plots of the stress singularity exponent λ in the crack tip versus the relative hardness of a composite medium μ for μ > 1 (a) and 0 < μ < 1 (b) at α = 4π /3 and various values of β: 0 (1), π /6 (2), π /3 (3), π /2 (4), 2π /3 (5); the cases shown are for the 2nd (curves 2 , 5 ) and the 1st (the rest of the curves) roots of the characteristic Eq. (12). of an orthogonal crack with a functionally graded halfplane whose shear modulus is an exponential function of the polar angle. In this case the crack can be inclined at any angle to the graded half-plane. It can be demonstrated that for β = π/2 and α 1 + α 2 = 2π Eq. (12) has only one root in the (0, 1) interval for any values of μ ∈ (0, ∞), and α 1 ∈ (π, 3/2π ). Fig. 3 shows the dependences of the singularity exponent on the relative hardness for the hard and the soft composites, for varying values of crack inclination.
In the case of a hard composite (μ > 1), for relatively small values of the parameter μ, the inclined cracks exhibit a weakening of the singularity compared to that observed for an FGM-orthogonal crack (see Fig. 3а ). With an increase in the ratio between the shear moduli of the homogeneous phases an inverse effect of the singularity amplification (depending on the crack inclination) occurs. For μ 1 the singularity exponent of the orthogonal crack will be the least in Fig. 3 . Plots of the stress singularity exponent λ for the crack terminating at an FGM half-plane (β = π /2) versus the relative hardness of the composite medium μ for μ > 1 (a) and 0 < μ < 1 (b) at various values of α 1 : π (1), 7π /6 (2), 5π /4 (3), 4π /3 (4), 3π /2 (5). value, while the crack lying at the interface between the homogeneous and the gradient phases will have the greatest one (α 1 = 3π/2, α 2 = β = π/2).
With an increase in crack inclination, the soft composite structure (0 < μ < 1) leads to an increase in the singularity exponent (Fig. 3b) . Therefore, the λ value is minimal for the orthogonal crack and maximal for α 1 = 3π/2.
To sum up, the performed analysis reveals that the functionally graded interphase significantly affects the stress state near the vertex of a composite wedge-like area. The presence of a gradient intermediate zone re-sults both in weakening and in amplifying the stress singularities, as well as in the additional singular terms arising in the elastic stresses asymptotics for some structural parameters of composite.
